ON THE DUAL NATURE OF PARTIAL THETA FUNCTIONS 
AND APPELL-LERCH SUMS 



ERIC MORTENSON 

(3JT)[ Abstract. In recent work, Hickerson and the author demonstrated that it is useful to 

think of Appell-Lerch sums as partial theta functions. This notion can be used to relate 
identities involving partial theta functions with identities involving Appell-Lerch sums. 
In this sense, Appell-Lerch sums and partial theta functions appear to be dual to each 
other. We demonstrate how to translate between identities expressing q-hypergeometric 
series in terms of partial theta functions and identities expressing q-hypergeometric series 
in terms of Appell-Lerch sums. 



0. Notation 

Let q be a nonzero complex number with \q\ < 1 and define C* := C — {0}. Recall 



71-1 

[x) n = [X] q) n := - q l x), (x)^ = (x; q)^ := - q*x 

i=0 i>0 

oo 

and j(x;q):=(x) 0D (q/x) 0D (q) 00 = ^ (-l) n q®x n , (0.1) 

71= — OO 

where in the last line the equivalence of product and sum follows from Jacobi's triple 
product identity. Here a and m are integers with m positive. Define 

Ja,m := j(q a ; q m ), Jm ■= J m ,3m = - q mi ), and J a , m := j(-q a ; q m ). 

i>l 

We will use the following definition of an Appell-Lerch sum [16] : 

„,(«,,,,): = 1 ± tVg*. (0.2) 
The symbol ^2* indicates convergence problems, so care should be taken. 
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1. Introduction 



In his last letter to Hardy, Ramanujan gave a list of seventeen functions which he 
called "mock theta functions." [21] p. xxxi]: "I am extremely sorry for not writing 
you a single letter up to now. . . I discovered very interesting functions recently which I 
call 'Mock' ^-functions. Unlike the 'False' d -theta functions (studied partially by Prof. 
Rogers in his interesting paper) they enter mathematics as beautifully as the ordinary 
theta functions. . . " Each mock theta function was defined by Ramanujan as a g-series 
convergent for |g| < 1. He stated that they have certain asymptotic properties as g 
approaches a root of unity, similar to the properties of ordinary theta functions, but that 
they are not theta functions. He also stated several identities relating some of the mock 
theta functions to each other. Later, many more mock theta function identities were 
found in the Lost Notebook [20] . 

Numerous entries in the Lost Notebook expand Eulerian forms (g-hypergeometric se- 
ries) in terms of theta functions (Rogers- Ramanujan type identities), Appell-Lerch sums 
(mock theta functions), or partial theta functions. Although partial theta functions are 
arguably the least understood they do play significant roles in areas outside of number 
theory such as quantum invariants of 3- manifolds [T7]. Appell-Lerch sums also appear 
naturally in the context of black hole physics [15J. One wants to understand the various 
types of Eulerian forms and how they relate to each other. In this direction, Andrews [I] 
has recently produced g-hypergeometric formulas which simultaneously prove mock theta 
function identities and Rogers- Ramanujan type identities. 

We note that a false theta function is simply a theta series (jO.ip but with the wrong 
signs; whereas a partial theta function is half of a theta series. In some cases one can 
write one in terms of the other, see Example 11.11 

In recent work [16J, Hickerson and the author introduced a connection between partial 
theta functions and Appell-Lerch sums — the building blocks of the classical mock theta 
functions — to obtain a general formula that expands a certain family of indefinite theta 
series in terms of Appell-Lerch sums and theta functions. For a discussion of the heuristic 
see [16j Section 2]. The techniques of [16] can be used to relate identities involving partial 
theta functions with identities involving Appell-Lerch sums. In this sense, Appell-Lerch 
sums and partial theta functions appear to be dual to each other. 

We detail a method which converts between identities expressing Eulerian forms in 
terms of partial theta functions and identities expressing Eulerian forms in terms of 
Appell-Lerch sums (and vice versa). Make the subsitution q — > g _1 in the Eulerian 
form. Here use the identity, where p := g _1 



Use the heuristic as well as basic Appell-Lerch sum properties to convert between Appell- 
Lerch sums and partial theta functions. (Recall [TBI Section 2] £ ~' means mod theta.) 




(1.1) 





r>0 
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Use numerical work to determine the remainder. 

Much can be learned by replacing q with q" 1 . For example, it is useful in problems in 
which the theory of partitions is applied to statistical mechanics [5j [8j [9] . 

Example 1.1. Multiple Eulerian forms may have the same Appell-Lerch sum expression 
for \q\ < 1. As an example, we recall the second order mock theta function B(q) [IB] : 

°° a n ( n- a 2 \ °° n n ' 2 + n ( a 2 ■ n 2 \ 

^)=E — = E (q . q2)2 = "9 m(l,g )ff ) (1-3) 

n=0 {Q, <1 )n+l n=Q {q, q ) n+ l 

There is no reason to expect that the above two Eulerian forms will have anything in 
common with each other after making the substitution q — > q~ x . Using (ll.ip and the 
heuristic ( II. 2p . the duals are respectively 

E — = -qJ2(-lTq Mn+1 \ (1-4) 

n=0 W ' q > n+1 n=0 

oo 2(n+l)/ 2. 2\ 00 j oo oo 

9 l~9 i g J" _ _ V~V_-i \n 2n(n+l) _i_ Ji ( \^ -»Jn(n+l) _ n 3n(n+l) 



E ? V 2 = "9 £(-1) V** 1 ' +?T^(E q' n q Mn+l) - 9 E 

^ M 2 )^+i ^ ^1,2 ^ 

(1.5) 

The right-hand side of (11.4)1 is a partial theta function, while the right-hand side of ( 11.5D 
a mixed partial theta function. We call the second term on the right of (11. 5p the mixed 
term, where the term in parentheses is a false theta function which is the sum of two 
partial theta functions. We see the partial theta functions in (II. 4p and (I1.5P are equal, 
but that (11.511 has an extra term. There are many more such examples in which the 
heuristic is effective in predicting the partial theta function (non-mixed term), but it is 
not immediately obvious how the heuristic can predict the mixed term. 

How effective is the heuristic in predicting the partial theta functions and Appell-Lerch 
sums when there are multiple non-mixed terms? This brings us to two recent mock theta 
functions of Andrews [I]: 

Example 1.2. We recall from the Lost Notebook two partial theta functions identities 
(Entry 6.5.1 |7j, also [2QI p. 31]): 



j2 OO 

E T^y- = E ? lan3+n (l - <l 22n+U ) + ? E q 12n2+7n (l - q Wn+5 ) (1-6) 

n=0 (~9)2n n=Q n=Q 

and 



oo oo 



n 

E jA = J2q 12n2+5n {l ~ q lAn+T ) + q 2 Y^q l2n2+lln {l - q 2n+l ). (1.7) 

We first consider (II. 6p . For the left-hand side, the substitution q — > q^ 1 yields 

oo 2n 2 

EtV =: ^' (i - 8) 
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where ip {q) is the third order mock theta function discovered by Andrews [U (1.14)]. 
From [T9~| Theorem 1.5] we have 

^ (g) = 2 - 2qg(-q, q 8 ) - J li2 7 3 , 8 /J 2 (1.9) 
= m(-g n , g 24 , g 4 ) + m(-g n , g 24 , q 22 ) + q~ l m{-q\ g 24 , g 4 ) + g- 1 m(-g 5 , g 24 , g 10 ), 

where the last line is new but can be shown using the techniques of |16j . We show that 
the heuristic takes us from the right-hand side of (11. 6p to the right-hand side of (II. 9p . We 
rewrite the left-hand side of (jl.6p and then make the substation q — > q" 1 : 

oo oo oo oo 

$>- n ) V 4 ^ 1 ) - g 11 £(g n ) n i 2<nr) + 9 £^ 5 ) V 4( " f) - ^ 6 5> 5 ) V 4 ^ 1 ) 

n=0 n=0 n=0 n=0 

m(-g u , g 24 , *) - g- 11 m(-g- 11 , g 24 , *) + g- 1 m(-g 5 , g 24 , *) - g- 6 m(-g~ 5 , g 24 , *), 

where we have followed with the heuristic (11.21) . Identity (12. 7bl) then shows we can view 
(11. 9p as the dual of (jl.6p . For (II. 7p . the substitution g — >■ g^ 1 in the left-hand side yields 

00 2n 2 +2n+l _ 

where ipiiq) is the third order mock theta function discovered by Andrews [U (1.15)]. 
From [T9| Theorem 1.5], we have 

g^(g) = 2g 3 g(-g 3 ,g 8 ) + g^i, 2 7 li8 /J 2 (1.11) 

= m(-g 7 , g 24 , g 8 ) + m(-g 7 , g 24 , g 16 ) - g- 2 m(-g" 4 , g 24 , g 8 ) - g- 3 m(-g~\ g 24 , g 16 ). 

Arguing as above shows that we can view ( II. lip as the dual of (11.71) . 

In Section |2] we recall basic facts about Appell-Lerch sums and Bailey pairs. In Propo- 
sition [2]6] we rewrite several g-hypergeometric series found in the lost notebook in terms of 
Appell-Lerch sums. In Section EJ we prove the duals for two fifth order mock theta func- 
tions, the three seventh orders, and the four tenth orders. We emphasize that all of the 
duals follow from the same conjugate Bailey pair and that all of the Bailey pairs are from 
[22| [23] . We also prove identities for the duals of the four tenth orders, see ( l3.2ip -( pT2"4"p . 
In the first example we pointed out that it was not immediately obvious how one can 
obtain the mixed term using the heuristic. This will be demonstrated in Section HI where 
we state the duals for many mixed partial theta functions in the Lost Notebook and also 
relate the mixed partial theta functions to mixed mock modular forms. The relation to 
mixed mock modular forms will be referred to as a dual of second type. On a final note, 
we point out the difference between this paper and [12]. The latter demonstrates families 
of two-parameter Eulerian forms which agree for |g| < 1 (with perhaps other additional 
restrictions) but disagree once one has made q — > q^ 1 , e.g. the new expressions agree 
on the partial theta function but disagree on the mixed term, like Example 11.11 What 
we demonstrate here is how to determine the structure of one type of identity given the 
structure of the other type. 
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2. Preliminaries 

2.1. Bailey pairs. A Bailey pair relative to (a, q) is a pair of sequences (a n , /3 n )n>o such 
that 

n 

f^ (agW(g)n-r 

A conjugate Bailey pair relative to (a, q) is a pair of sequences (<5 n ,7n)n>o> where 

OO £ 

* = E t^A • < 2 - 2 > 



(ag) r+n (g) r _ 

Given a Bailey pair and a conjugate Bailey pair, we have 

OO OO 

(2.3) 

n=0 n=0 

Lemma 2.1. For a Bailey pair (a n , /3„) ri >o relative to (a,q), 



^ ( -i)» 9 cr) (a ), A = ^.s-ir^)^ (2.4) 

n=0 

Proof of Lemma \2.1\ Define 



( a <?)oo „ (<?)n 
n=0 n=0 



1 — a 



Thus 



DC 



/'r+l 



^ 1 (-1)V 2 >) 



r=n 
oo 

£ 

r=0 



(ag) r+n (g) r _ ri 1 - a 

(-l)r+" g ( r+ 2 +1 )( a ) r+w 

(&)r+2n+l(<Z)r 



(-l)"g( n ^)(a) n g (-l) r g(2> r(n+1) (a<f 



a)2n+i ^ (ag 2ri+1 ) r (g) 7 



1)V 2 J (a)n (Vn.^n+l _n+n 

- • i<pi[aq ,aq ,q,q ) 



(0)271+1 
■Ifq 



00 V 



(g)n (ag)oo (1 - a) 
where the last line follows from the well-known summation 



< / / x (c/a)oo n 
L 0i(a; c; g, c/a) = — . □ 

\Cjoo 
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2.2. Properties of the Appell— Lerch sums. Everything in this subsection can be 
found in [T5]. A simple shift in the summation index of (10. 2p yields another useful form 
for m(x, q, z): 



fr+l\ 



-z ^ -I V 2 >z r f \ 

m(x,q,z) = - r > . 2.6 

The Appell-Lerch sum m(x, q, z) satisfies several functional equations and identities, 
which we collect in the form of a proposition: 

Proposition 2.2. For generic x, z, zq, Z\ G C* 

m(x,q,z) — m(x,q,qz), (2.7a) 

m(x, q, z) = x~ m(x~ 1 , q, z~ x ), (2-7b) 

m(qx, q, z) — 1 — xm(x, q, z), (2.7c) 

m(x, q, z) — 1 — q~ xm(q~~ x, q, z), (2-7d) 

m(x, q, z) = x~ x — x^m^qx, q, z), (2-7e) 

/ \ / \ z Jfj(z l /z ;q)j(xz z 1 ;q) 

m(x,q,z 1 )-m{x,q,z Q ) = — —7 r, (2.7f) 

q)]{zi] q)j{xz ; q)]{xzi] q) 

m(x, q, z) = m(x, q, 2 _1 z _1 ). (2-7g) 
We recall the universal mock theta function 

OO n 2 

V ^ (x) n+1 (q/x) n J 

as well as the easily shown 
Proposition 2.3. For x^O 

7 n(n+l) 

„ (x) n+ i(q/x) n+l ' 

We recall from [16] an expression relating g(x, q) to m(x, q, z): 

g(x, q) = — a; _1 m(g 2 a;~ 3 , g 3 , x 2 ) — x~ 2 m(qx~ 3 , q 3 , x 2 ). (2-10) 

2.3. Hecke-type double sums. Here we recall a definition [16] 



Definition 2.4. Let x, y G C* and define sg(r) := 1 for r > and sg(r) := —1 for r < 0. 
Then 

./;,/„ (.<•• //• <l) : £ sg(r)(-l) r+s x r yY® +brs+c ®. (2.11) 

sg(r)=sg(s) 

We give a special case of Theorem 0.4 [16] in which a = b = 2, c = 1: 
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Proposition 2.5. We have 

h,*,\(x, V, q) = j(x; q 2 )m(-qy/x } q, -1) + j(y; q)m(qx/y 2 , q 2 , -1) 

l >rU g^j{g d+1 y] q 2 )j{-q l ~ d x/y; q 2 )Jlj(-q 2+d /y; q 2 ) 

Jo,iJo,2^ j(-q 1 x/y 2 ;q 2 )j(q d+1 y/x;q 2 ) 

2.4. g-hypergeometric series as Appell— Lerch sums. The first proposition is based 
on equations of [20J many of which were proved in j2]. 

Proposition 2.6. We have 

(1 + O jr qn+ )- q)2n = -m(x, q 2 , q) (2.12) 
^ (qx, q/x; q 2 ) n +i 



n=0 



T ( - 1)ng " 2(9;g2) " - m(x q -1) + Jl2 (2 13) 

^ (-x; q 2 ) n+1 (-q 2 /x; q*) n ~ ^ ^ l) + 2j(-x; q) (2 ' 13) 



n=0 



= 2m(x, q,—l) — m(x, q, yj—q/x) 

I 2 4 — I \ — 1 / — 1 2 4 \ 

= m{—qx ,q,—q ) — q xm{—q x , q , —q) 

± ;1ZSm =m(I -"-- 1) (2 - 14) 



n=0 



(l I t-'H"^ m(l|J , 1) J * (2.15) 

^ x'^ (-xq,-q/x;q 2 ) n+1 ' 2j(-x;q) 

^ (-i)V"V;g 4 )n , 2 u r91fi . 



n=0 



where j6l Entry 12.3.3] 



(-l)"(g;g 2 )n J (1 + l/x)q^/ 2 



n=0 



(-z)„+i(-g/:r)n ' J ,i „f^L (1 + xq n )(l + q n /x) ' 



Although there does not appear to be a way to represent m(x, q, z) as an Eulerian form, 
one can write m(x, q, z) as a bilateral sum: 

Proposition 2.7. For a, b ^ 0, 

V °" w " l6 " n r 2 i8i 

n f^(-l/a;g) n+1 (-g/6;g) n g 1 ' ] 

= Yl (- a q;q)n(-b]q)n+iq n+1 = 77 r rT^i 3{-b;q)m(a/b,q,-b). 
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Proof. This follows from ^ p. 15], [3 Entry 3.4.7] 

f <f (2 i9) 



Q (-l/a;q) n+1 (-q/b;q) n 

_2L (-an) / ^ 5« «(™+l)/2 1 ~ J,-n n(n+l)/2 

+ £(-^ ^iC- 6 ; M = i r r ( E i -u » + 1 E M n/ 

^ (?)oo(-g/6)oo v ^ l + ag n l + g"/a 

and 

-l) n a — ng«(n+l)/2 



(a; g)_ n = v % . (2.20) 

[q/a; q)n 

Equation (I2.19p follows from a 2^2 transformation of Bailey [TT], see [7J Entry 3.4.7]. □ 
Proof of PropositionlEB We prove f l2TT2|) . Entry 12.3.9 [6], [201 p. 5], states that 

a + O E - £ D-d- (l^r + ^) • (-) 

Setting n = 1 — r, we see that 

v (-irv 2 _ v (-i)V 1 -) 2 _ v (-irv 

fl _ ? 2n-l a _ g l-2r X _ ag 2r-l ' K ' ) 

n=l ^ r<0 ^ r<0 ^ 

so the right side of (12.211) equals 

- ^ E 1 27I1 = ~M"> *\ 9). (2-23) 
Ji 2 ^— ' 1 — Q a 

' n=— 00 



Replacing a by 1 gives (I2.12p . 

We prove (ETT3j) . Entry 12.4.2 [6], [2TJJ p. 5], states that 

°° f 1 > \'W l3 /V (7 2 "l °° „n(n+l)/2 

?) E , *w = 1 + E(« n + a ' n + 2 (- 1 ) n )T-^r ( 2 - 24 ) 

f^ {-a;q 2 ) n+1 {-q 2 /a;q 2 ) n ^ 1 + g" 

00 



^ l + g n 2 (-0)2 2^ i + g n 2 1>2 ' 



Hence, dividing the extreme left and right of ( I2.24p by j(—a; q) gives 

f> (-i) w g"W)n 1 y gj^V 1 J l 2 

\(-a;q 2 ) n+1 (-q 2 /a;q 2 ) n j (-a; q) ±^ 1 + q n 2j(-a;q) 



n=0 

= a~ x m{a~ 1 , q, —a) + 



J 2 

i™^-i „ ^ 1 i>2 



2j(-«; ?) 

7 2 



m(a,g, -1) + 

2j(-a; g) 
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by (12.61) . ( 12. 7b 11 . and ( |2.7gp . Changing a to x gives the first equation in (12. 13ft . For the 
second equation use (I2.7fl) . For the third equation we recall Entry 12.2.1 [5J, [201 P- 1]: 

7 n(n+l) 



Replacing a by x gives 

^ (-x; g 2 ) n+1 (-g 2 /:r; g 2 ) n J M ^ 1 



+ q 2n x 



i 00 , „n(2n+l) ~n(2n+3) N 

_L V - 1 

J 14 \l-q An x 2 l-q in x 2 J 



n=— oo 

= m(— qx 2 , g 4 , — q^ 1 ) — q~ xm(—q~ x 2 , q 4 , —q). (by (12. 61) ) 

We prove (EH]). Entry 12.3.3 [5]. [201 p. 4]. states 

^ (-l)V 2 ( g ;g 2 ) w = ^ J-l)"(g;g 2 ) n + 1 J^^qq 
^ o (-q 2 a,-q 2 /a;q 2 ) n ^ (-aq,-q/a) n 2 (-qa, -q/a)^' 

Dividing by 1 + a and replacing a by x, and rewriting the last term, we obtain 

y (-l)yW)n = " . (-l)"(g;g 2 ). + 1 Jj 2 
^ (-x;q 2 )n+i(-q 2 /x;q 2 ) n ^ (-x) n+1 (-q/x) n 2j(-x;q)' 

We prove ( 12. 15ft . We recall a (slighty-rewritten) equation from page 8 of [20], see [6j 
Entry 12.3.2]: 

y (-lT(q;q 2 ) n q n2 _ A + 1 \ (-l)"(g; g 2 )n 9 ( " +1)2 J?, 2 



o [-a;q 2 ) n+1 (-q 2 /a;q 2 ) n V a) ^ (-ag, -q/a; q 2 ) n +i j(~a;q)' 

Replace a with x, and the result follows from (I2.13P 

We prove (I2.16p . We recall a (slighty-rewritten) equation from page 5 of [20], see [6j 
Entry 12.4.3]: 

(-l)"(9 2 ;g 4 )ng 2 " 2 | f x | Uy (-qhnq n+1 _ g^T^agW) _ 
^ (-a; g 4 )n+i(-g 4 / a ; 9 4 )n v a) ^ g/a; ? 2 )n+i j(-a; Q 4 )j(aq; q 2 ) ' 

Replace a with x, and the result follows from (I2.12p . □ 
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3. Duals of mock theta functions 
We recall two of the fifth order mock theta functions as found in [16| Section 4]: 



n 00 2n+l 72 j 

*«M = E Z^ir = ! + £ T^n" = 2 + &»(<!. f) - ^ (3.D 

n=0 W ^ n n=0 W J l,5 

= 2- 2m{q 7 , g 15 , q 12 ) - m{q 7 , q 15 , q 9 ) - 2q~ 1 m{q 2 , q 15 , q 12 ) - q- l m(q 2 , g 15 , q 9 ) 

= E 7=%- = 1+ E - J ) + ' ' = W, «») + ^ (3.2) 

n=0 W )n+l n=Q {q )n+l J 2 ,5 

= -2q- x m{q\ q 15 , g~ 6 ) - q~ l m(q\ g 15 , g 3 ) - 2q- 2 m(q, g 15 , g 6 ) - q- 2 m(q, g 15 , g" 3 ) 
For the fifth order mock theta function Xq{q) we have a dual for each Eulerian form: 

00 „n 00 / i\n„3n 2 /2-n/2 00 . ... 



00 00 



_ g 7 ^(-l)VV 5( ' r) - gX)(- 1 )V 2 V 5 ^ - g 3 $^(-l) VV 5(T) (3.3) 

n=0 n=0 ra=0 

00 n 2n+l 00 / 1 \n+l„3n 2 /2+n/2 00 

00 00 00 

_ g 7 ^(-l) VV 5(T) - ?E(" X ) W 5(T) - g 3 X](-l) W 5(T) - (3.4) 

n=0 n=0 n=0 

For the fifth order mock theta function Xi(o) we have a dual for each Eulerian form: 

00 T) OO / -,\r,4_1 3f n + 1 Wl 00 

00 00 00 

_ g 5 ^(_i) VV 5 ^ 1 ) - q 2 £(-1) VV 5 ^ - ? 3 E(- 1 )^V 5 ^ 1) (3.5) 

n=0 n=0 n=0 

1 , ^ g 2w+1 (i + <T) , 



n=0 

00 



(<T +1 )n+l 



1 + e ( - i) " +i c::: /2(i+ ^ ) - -1 - 9 e(-d w<i'> (3.«) 

n=0 n=0 



00 



- q 5 E(-!) w 5 ^ 1 ) - <? 2 j](-i)YV 5 ^ - ? 3 E(- 1 )W 5 ^. 

n=0 n=0 n=0 

Theorem 3.1. Identities / lff.ffi -/ fX5]) are trtte. 
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Proof of Theorem \3.1[ For all of the identities we will employ Lemma 12.11 For identity 
(13. 3 p we use the Bailey pair [221 p. 12]: 

1 _ n 2n+l n(n-l) 

«„ = (-l) L(4n+1)/3j g ( - 2W3i -^ X(n^l (mod3)), /?n = |-— , 

where x(true) — 1 an d x(false) = 0. For identity ( 13. 4ft we use the Bailey pair [221 A6]: 

„n 2 

„, _3ra 2 +n _3ra 2 — n ^ ^3n 2 +n ^,3ra 2 +5n+2 o V 

«3n-l — <? , «3n — <? ) «3n+l — — <? — <? i Pn 



(q 2 ;q)2n 

For identity (13. 5p we use the Bailey pair [221 A8]: 

_ n 3n 2 -2n _ 3n 2 +2n _ 3n 2 +4n+l 3n 2 +2n n _ ^ + " m 
«3n-l — Q , «3n — <? , «3n+l — _ 9 — 9 j Pn — ~? n \ • u 

We recall the three seventh order mock theta functions as found in [TBI Section 4]: 



2 



^ = E t^it = 2 + ^ J) - -7 1 ( 3 - 7 ) 

n=0 W Jn Jl 

= m(g 10 , g 2 \ g 9 ) + m(g 10 , g 2 \ g~ 9 ) - g~ 1 m(g 4 , g 2 \ g 9 ) - g- 1 m(g 4 , g 21 , g' 9 ) 

n=l W ^ Jl 



/ 8 21 S\ / 8 21 S \ 2 / 21 S\ 2 / 21 S \ 

-m(q ,q ,q)—m{q,q ,q ) — q m{q,q ,q ) — q m(q,q ,g J 
„n(n+l) 72 



oo n(n+l) 72 

*fo> = E7=^ = 2 «W'» T > + -? 1 (3.9) 



n=0 

= — g~ 1 m(g 5 , g 21 , g 6 ) — g _1 m(g 5 , g 21 , g -6 ) — g _2 m(g 2 , g 21 , g 6 ) — g~ 2 m(g 2 , g 21 , g~ 6 ) 
The substitution g — >• g -1 , the heuristic ( II. 2p . and identity ( 12. 7b p . lead us to the duals: 

00 l 1 \n ( n+1 ) 00 00 

Mq) -> E ( " r Ln 2 = EC- 1 ) 71 ^ 21 ^ 1 ) + g M £(- 1 )VV l( " 1) 

n=0 ^ ' n n=0 n=0 

00 



- ? £(-i) w 1 ^ 1 ) - ^ B- 1 ) vv 1 ^ 1 ) > ( 3 - 10 ) 

n=0 n=0 
00 / 1 \n+l ( n+1 ) 00 00 

-> E M/ ' = - E(-u - «■ E(-i) vv'C") 

n=0 ^ n=0 n=0 

00 00 
_ g 2^ ( _ 1} n g -n g 2l(^) _ g3 ^ ( _ irg n g 2l(^) ; ( g n) 



n=0 n=0 
00 / ,n„ii ( n + 2 \ 00 



00 / \n+l I I 00 00 

n=0 W n=0 n=0 
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oo oo 

_ f ^ ( _ 1)Y Y^ - g 4 £(-i) VY 1 ^ 1 ) . (3.12) 

n=0 n=0 

Theorem 3.2. Identities \3.10\) - [3l^\) are true. 

Proof of Theorem \3. A For all of the identities we will employ Lemma 12.11 For identity 
(l3~T0j) we use the Bailey pair [231 (4.6)]: 

I _ „2n+l 1 

an= (_l)L(to+D/3J 5 (2»*-iW3i__? x(n ^! ( mod3 )) ) ^ 



1-9 " (<7;<?)2n : 

where x(true) = l an d x (false) = 0. For identity (13. lip we use the Bailey pair [22, A2]: 

„, _ „6n 2 -n _ _6n 2 +n ^ _ _6n 2 +5n+l /> 6n 2 +7n+2 o _ 1 
«3n-l — 1 , «3n — Q , «3n+l — ~ Q ~ Q , Pn — 7 o \ ■ 

For identity (13TT2|) we use the Bailey pair [22, A4]: 

n 

n — n 6n 2 -4n _ 6n 2 +4n _ 6n 2 +8n+2 6n 2 +4n o _ H n 
«3n-l — 9 ) a 3n — 9 ) a 3n+l — ~ Q ~ q , jJ n — — r . U 

\<r\q)m 

We recall the four tenth order mock theta functions as found in [TUl Section 4] : 

^ = E ( 9 2, = ~Q~ lm (Q, 9 10 , q) - g 10 , q 2 ) (3.13) 

00 (™J 2 ) 

^(?) = E ; g ^ = - m (^ 3 ' <? 10 , ?) - m (<? 3 > ? 10 > <? 3 ) ( 3 - 14 ) 

n=0 I?! 9 Jn+l 

The substitution q — >■ the heuristic (jl.2p . and identity (12.7bh . lead us to the duals: 
<K*) -+ E V 2^ = -1 VV" (B+1) - q 2 ^(-l) n g n g 5n{n+1) , (3.17) 

n=0 W ' q )n+1 n=0 n=0 

^(ff) ~» E ( 2^ = -£(-l)V 3 V B(n+1) -g 3 ^(-l)VV n(n+1) , (3.18) 

n=0 W ' 9 ^ n+1 n=0 n=0 

00 I 1 \n n(n+l) 00 00 

X (g) -> ^ = ^ q-^Jintn+W _ g 2 ^ g 2n g 5n(n+l)/2 ; ( g lg) 

n=0 ( q ' 2n n=0 n=0 



PARTIAL THETA FUNCTIONS AND APPELL-LERCH SUMS 13 
x ( g ) _> V = E <T V n(n+1)/2 - 9 V g"g 5 ^ +1 )/ 2 . (3.20) 

^ (-g)2n+l n=Q n=Q 

Theorem 3.3. Identities \3.1T\) - $3~J0\) are true. 
The following is then easy to show: 

Corollary 3.4. Let u be a primitive third root of unity and denote the duals of the tenth 
order mock theta functions by 4>d{q), iPd{<i), X£>(q), o,nd xd{q) respectively. Then 

U — U1 A 



q 2 / 3 ^ D (q 3 ) + "M^V' 3 ) - ^Vd(^ 1/3 ) 



LU — CU 2 



0, (3.22) 



X D {q 3 ) - -X^W^-^XD^) = Q> (3 23) 

X^) + ^^-f^ =0. (3.24) 

w — ur 

For comparison, we recall the four identities for the tenth order mock theta functions 
, HU [22]- Again, a; is a primitive third root of unity: 



g2 /3 0(g3) _ H^ /3 ) - V> W /3 ) = gl /3 E, gZ (-l)^" 2/3 En gZ (-l)"^ 2/W 



q- 2/3 ^(q 3 ) + 



u-uj 2 " E ne z(-l) n ^ 2 (q;q 2 U 

^-^ 2 E n6 z(-i)V 2 (g;? 2 )oo 

c X (^ 1/3 ) - tfxW*) _ Enez(-l) V (n+1)/6 E„ e z("l) n ? 5n2+n 



E„«(-i) n ^ +1)/2 (-?;g)c 



^ + ^ X^-Xm = En gZ (-l)"g W( " +1)/6 En £ z(-l) n g 5w2+3r ' 



W -u; 2 Enez(-lN n(n+1)/2 H?;g)oo 

Proof of Theorem Iff. 31 For all of the identities we will employ Lemma 12.11 For identity 
( l3~T7jl we use the Bailey pair [221 C4]: 

For identity (I3.18P we use the Bailey pair [221 C3]: 

&2n — { — L) q , «2n+l — l. - L) q , Pn 



{q 3 ;q 2 ) n {q;q)n 
1 

(q 3 ;q 2 )n(q; q) n 



For identity ( 13. 19ft we use the Bailey pair [231 (4-4)]: 
f_l^ (3"-i)"/4fi _ a 2n + 1 ') 
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For identity (I3T20]) we use the Bailey pair [221 G2]: 



2n+h\ i /i — 2n+7 



_ 3n 2 + l (l-q 2) _ 2 _^ n (l-g — 2 ; _ ± 



1 — q2 1 — q2 

4. Duals and Duals of second type 

In this section we state the duals for many mixed partial theta functions found in 
and find the corresponding duals of second type. The duals are not new, but what we 
do is to rewrite them in terms of Appell-Lerch sums. With the Appell-Lerch sum form 
in mind, we look for the functional equations of the duals of second type by assuming 
a cancellation similar to that which occurs for the two sixth order mock theta functions 
(f)(q) and <fi~(q) in identity [7J Entry 3.4.1], [20, p. 6, 14] and for the two sixth orders ip(q) 
and i/j_(q) in identity Entry 3.4.2], [201 P- 14]. 

Our first mixed partial theta function (14. lj) is well-known and was published by Andrews 
[T] immediately after his discovery of the lost notebook. For the interested reader, we 
point out that ( 14.1 j) yields as special cases the two partial theta function identities found 
in Lawrence and Zagier's work on quantum invariants of 3-manifolds [17] . 

4.1. Entry 6.3.2 [7j, also [201 p. 7]. For a ^ 0, 



n 



oc 



£ _ = (1 + a) ^ a 3n g n(3n+l)/2 (1 _ ^n+l) ^ 

n=0 ( q l a > n n=0 



y l + a) Ji ST^/_]\n a 2n+l n{n + l i 2 

j(-a;q) ^ 



n=0 

The dual already exists. We note from identity ( 12. 8 j) and (I2.10p that 

OO „2 

E 7 9 —TY- = (! + «)(!- ay(-a, ?)) ( 4 - 2 ) 

^ (-ag, -g/a)„ 

= (1 + a)(l — m(-g 2 a~ 3 , g 3 , a 2 ) + a^ lr m(-qa' 3 , g 3 , a 2 )). 

We demonstrate how the heuristic ( 11.2jl takes us from the partial theta function on the 
right-hand side of ( 14. ip to the right-hand side of (14. 2ft : 

oo oo 



n=0 n=0 

oo 



oo oo 



E(a 3 g)"g- 3 (" ) - aV 1 ^(cPq- 1 )^*) (g -> q 



n=0 n=0 

,3„ „3 ,\ „2 „-!_/ „3 -1 „3 



~ m(-a 3 g, g 3 , *) - a 2 g - m(~aV\ Q , *) (by (Q) 

~ 1 + a 3 g~ 2 m(-a 3 g~ 2 , g 3 , *) - a 2 g _1 m(-a 3 g _1 , g 3 , *) (by (j277cjl ) 
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~ 1 - m(-q 2 a' 3 , g 3 , *) + a~ l m{-qa~ 3 , g 3 , *). (by (12.760 ) 

We consider the sum 



-aq,-q/a) n 

Making the substution n — >■ — n, (14. 3 p becomes 



^ g «(-l/a, -a) n = (l + -) (l + a) X; q n+1 (~q/a, -ag) n =: (1 + a)/ (a) (4.4) 



n=l n=0 

We find 



/(ga) + 1 _ ga 2 _ gQ 3 /(a) = (1 _ a 2 q) lL^lll (4.5) 

We rewrite the functional equation (14. 5 \ as 

j[a) = q- 1 ^ 3 - a' 1 - q^a' 3 ^ - o 2 g) ^~°'^ + q' 1 a' 3 f {qa) . (4.6) 

■A 

Iterating the functional equation (14. 6 j) and using the heuristic (ll.2p suggests the identity 

/(a) = — 1 + ag(—a, q) H — m(a 2 , g, *) + theta. 

•h 

Some numerical work suggests the dual of second type: 

(l + -) E - Q ?)n = "I + a0H*, ?) + ^=^m(a 2 , g, -a" 1 ). (4.7) 

= -1 + a#(-a,g) + m{a ,q,-l) + - 4 — (4.8) 

Theorem 4.1. Identities and are ir?xe 

Proo/. Using [7J Entry 3.4.7] ( EZEHD with 6 = 1/a, we find that 

t~7 E 7 ^TT + f 1 + ") E = ^T^W, q, -a' 1 ). 

1 + a ^ (- a 9, -9/a)n v a/ ^ Ji 

Identity (JUT]) follows by (pL"2]h Identity gSD then follows from (g2J) by using fl2~7f| . □ 

Remark. In [18J, Lovejoy showed (slightly rewritten) via Bailey pairs that 

1 + f 1 + -) E^ +1 (-?/ Q ' = ^ 3 / 3 , 2 ,i(g 6 , -ag 3 ,g)/Ji. (4.9) 

n=0 
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4.2. Entry 6.3.4 [7], also ^ p. 37]. If a ^ 0, then 

00 2n+l 00 

V q — = V a 3n+1 g 3 " 2+2n (l - aq 2n+1 ) (4.10) 

j oo 



/ 9 , y (-l) n a 2n+1 g^ 



The dual is just the identity from Proposition I2.3[ with q — > q 2 and x — > —aq, i.e., 

E? 7 T\ = V9(-aq,q 2 )- (4.11) 

~ {-aq,-q/a\ q A ) n +i 

Let us consider 

_1 „2n 2 +2n+l 

E 7 / 2^ • ( 4 - 12 ) 
Making the substitution n — >■ — n, (14. 12ft becomes 

oo oo 

ST q^i-aq, -q/a; q 2 ) n ^ = £ g 2n+1 (-ag, -g/a; g 2 ) n =: f(a). (4.13) 

n=l n=0 

Numerically, we find 

ti 2 \ i 2 23 3 3 \ / 1 2 2\j(~ a Q't Q 2 ) /, l7 ,\ 

j(q a) + aq — a q — a q f(a) = q ■ (1 — a q ) . (4.14) 

■h 

Using the heuristic and some more numerical work, this suggests 

f( n / 2n, j(- a q;q 2 ) ,2 2 ,n iaj(aq;ci 2 ) 3 j(a 2 ;q 4 ) 

fW = -Q9(-aq, Q ) + a m(a , g , -1) - 72 4 4 , (4.15) 

— —q9(— a q, q 2 ) + a ■ p m(a 2 , g 2 , — a _1 g). (4.16) 

^2 

Theorem 4.2. Identities fl^ ■ i <5| ) and (4-16) are true 

Proof. Using [7, Entry 3.4.7] (12. 19|) with g -> g 2 , a -> a/g, 6 1/ag, we find that 

1 _1_ ™ °° „2n 2 +2n+l , i . 00 

^ E 1 , 2, + ?( 1 + 1 )E ? 2n+1 (-^ ^ 2 )n 

a ^ (~aq, -q/a; q )n+i V ag/ ^ 

/, . sj(-aq;q 2 ) , 2 2 -1 x 
= (l + ag) m(a ,q ,-a g). 

^2 

Identity ( 1416]) follows by f l4TLj) . Identity fl47T5|) follows from (OS]) by using fl2~7fj) . □ 
We note that the methods of [18] give 



£ g^-ag, -g/a; g 2 ) n = g/ 3 ,2,i(g 6 , ~aq\ q 2 )l-h- (4.17) 



n=0 
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4.3. Entry 6.3.6 [7J, also [20, p. 8]. If a ± 0, then 

^ g J?W _ Y^/_i\n_n_n(n+l)/2 



1 + - V - w<f; f 9N = V (-l)™ a V (n+1)/2 (4.18) 

aJ n^O ( - _ag ' _g / a; q > n+1 n^O 



^a 3 V (3n+1) (i - a 2 g 4n+2 )- 



n=0 



The dual is just identity (12.151) of Proposition 12.61 

g 2 ) w (-l)V" +1 ) 2 
„_„ oq, -q/a; g 2 ) n +i "" v "''*' ~> 2j(-a;q) 

For the dual of second type, iterating the functional equation leads to 
V a) ^ (g;g 2 Wi 

1 J l.2 



2 j(-a;g)' 



= -m(a, g, -1) H (l - ag(-a, g 2 ) J 

where the functional equation is 

/(g a) + 1 - ga - ga /(a) = . (4.21) 

J\ aq 

Using the method of [18] we have 



1\ ^ q 2n +1 (-aq,-q/a;q 2 ) n 



i+ )£ 



n=0 



= i ( - rt, 3l2 (-g 19 , -a 2 g 16 , g 4 ) + g/ 3 ,3, 2 (-g n , -aV, g 4 ) 
+ ag 4 / 3 ,3, 2 (-? 17 , -«V 2 , g 4 ) - «g 14 /3,3, 2 (-g 25 , -a 2 g 20 , g 4 ) 

4.4. Entry 6.3.7 [7J, also [20, p. 2]. If a ^ 0, then 

i 00 / \ 2n+l 00 ~~f 00 

V a7^(ag,g/a;g 2 ) n+1 ^ v j(ag;g 2 )^ V 
The dual is just identity (12 . 1 2[) of Proposition 12.61 



(i + o e ? gn+ / # = ? 2 , «)■ 

^ {qx,q/x; q 2 ) n+1 



n=0 

For the dual of second type, iterating the functional equation leads to 



f(a) ■= (l + -)T (ag ' 9 / a \ g2) " g2n+1 (4.23) 
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of 2 i( a °;° 2 ) t n Uij(aq;q 2 ) 

2m(a, q , —1) = m(a, q, — 1) 



J 1)4 ' 2J$j(-a;q) 

where the functional equation is 



/(A)-2 + a/(a)=<I^-<fA (4.24) 

05 J 1 4 



Theorem 4.3. Identity fl^.j?<5j ) zs irue. 
Proof. The methods of [113] yield 



(l + i) £ ^fl^ = ,/ 2 , 2 , l(o9 =, _ 8 .,,)/7 M . (4.25) 

The result then follows from Proposition 12.51 □ 
Equation fTC23|) is the dual of [3 Entry 5.4.4], also [201 P- 15]: For a ^ 0, 

1\ \ - (ag, g/a; g 2 ) n g n _ V^/_-i\n/_n , -n-l\_n(n+l) 



1 + ±) £ l»^/»^ 2 )ng" = £(_l)»( n + Q -n-l )(f (n+1). (4 26) 

" n=0 ( g ' >2n+1 n=0 



4.5. Entry 6.3.9 [7], also (2Ql p. 29]. For a ^ 0, 

00 / 2\ 2n 00 

E ? 22/ 2, = (1 + a ) EM W ( " +1)/2 ( 4 - 27 ) 

a(l + a) J\ sr-^ „3n„3n 2 +2nf-\ „ J2n+1\ 



„ =0 v -ag 2 ,-g 2 /a;g 2 )n 



j(-«;° 2 ) 



E« 3 V n2+2n (i-«g 2 



n=0 

The dual is just identity (12. 13[) of Proposition 12.61 

^ WUR^ ^ (M '-' ) + ^ (428) 

For the dual of second type, iterating the functional equation leads to 

f(a) := (l + -)f: g2 " +2( 7 92 ' 2 : 92/a;g2) " (4.29) 

( n . j(~ a ;q 2 ) i ( 24 . ii(a;°) J i,2 

= ff, -1) + —j^-9(-^ * ) + 2 7(^?T' 

where the functional equation is 

f(q a) + l-qa-qa f(a) = . (4.30) 

a J\ 
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Using the method of [H] we have 

1 + 1\ ^ q 2n+2 (-aq 2 , ~q 2 /a; q 2 ) r 



n=0 



(q; q 2 )nA 



= j- (^ 6 /3,3, 2 (-g 19 , -aY\ g 4 ) - g 5 / 3 ,3, 2 (-g 17 , ~a 2 q l \ q 4 ) 
- aq^f^-q 23 , -a 2 q™, g 4 ) + q 2 f 3 , 3 , 2 (-q 13 , -a 2 q w , q'\ 
4.6. Entry 6.3.11 [7j, also [201 p. 4]. For a ^ 0, 

00 / 2\ n 00 

S r_r-,L = (1 + a) E(" 1 ) na ^ n(n+1)/2 ( 4 - 31 ) 

n=0 1 g/aJn n=0 

^ q(l + a) Ji,2 \~~V_-. \n 2re n(n+l) 

The dual is just identity (12.141) of Proposition 12.61 

y . (-D-teg 1 ). = . „ 
~ (-x) n+ i(-g/x) n 

For the dual of second type, iterating the functional equation leads to 

/(.)== ( 1 + l)f; (-°y^^° + ' (4.32) 

/ ,x , j(- a ;(i) ( 22 u Jij(a;q)j(qa 2 ;q 2 ) 

= -m(a, q, -1 + — m(a , q , -1) - a-g , 

Ji,2 J'2 j[a,q) 

where the functional equation is 

f(qa) + l + af(a) = - 3 -^^. 

a Ji j2 

Theorem 4.4. Identity {^.3^ is true. 
Proof. The method of [18] yields, 



f, . 1\ (~ag, -q a;q) n q + 3 2 

1 + - J >. 7 — = 9/2,2,1 (0 , -9 «, 9)M,2- 



The result then follows from Proposition 12.51 □ 

Equation (Q2| is also the dual for [TJ Entry 5.4.3], [3 Entry 6.4.6], also [201 p. 4] : 
For a / (I. 

/ + 1 \ g . (-rrc-^-g/o^ = 1 g ( _ ir (fl „ + a - n _i )(f (n+a)/2 _ (4 33) 

a^ „ (?) 9 )n+i 2 

n=0 n=0 
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4.7. Entry 6.6.1 [7J, also [20, p. 12]. For a ^ 

Y W > nq = (i + a ) Y(-iy a n q n ^ 

n=0 ' ' n=0 

a(l + a)Ji 
j(—a; q) 



^(-l)V"g 3n2+2n (l + ag 2n+1 ). 



For the dual of second type, iterating the functional equation leads to 

= -2m a, r, -1) - g g/a, g + 

where the functional equation is 

ft 2 \ , o , ft \ (i + j(-q; g) , A QC .s 

/(? o) + 2 + a/(a) = . (4.35) 

Equation fllTMj) is also the dual of [7, Entry 5.4.1], also [201 P- 34]: For a ^ 0, -1 

(4.36) 
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6. CONCLUDING REMARKS 

We conclude that although the shifts q — > q^ 1 and n — > —n do not always make 
sense, that when they do make sense, the techniques in this paper are very effective in 
determining the structure of one type of identity given the other. We point out that for 
the two fifth order functions Xo{q) an d Xi{q) that the multiplicities of the Appell-Lerch 
sums and partial theta functions do not agree. Although we do not have short proofs 
of identities (I3.6p . (I4.20p . (I4.29p . and (I4.34p . the identities are included for a sense of 
completeness. 
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